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I. INTRODUCTION 

The idea about an opportunity of existence in the present Universe of large-scale topological defects in the form 
of cosmic strings was popular in the 1980's and early 1990's It was called up for explanation of formation of the 
large-scale structure of the Universe in postinflationary period @, 0). At a later time, an existence of cosmic strings 
was called into question because of the obtained observations about CMB anisotropy and pulsar timing. However, in 
view of the certain successes in creation of superstring theories (in particular, M-theory), new interest for creation of 
models of such objects has arisen. 

Cosmic strings may be formed in the early Universe at phase transitions with spontaneous symmetry breaking [l[ . 
Topologically stable strings do not have ends: they can be either infinitely long or form closed loops. The simplest 
model of cosmic strings is a model with a complex scalar field <j). In this case the complex field can be divided into 
a pair of two real scalar fields: (j> = <\>\ + i<p2- As a potential energy of such field, the well-known "Mexican hat" 
potential can be chosen: 

V(cf >1 ,<f )2 ) = ^-r l r = ^l+ti-r ! 2 ) 2 , (1) 

where A is a self-coupling constant, and rj the scale of symmetry breaking. It is obvious that such potential possesses 
phase symmetry, i.e. it remains invariant under the U(l) group of global phase transformations 4>{x) — ► e m </>(x). 
Such a potential has a minimum not in zero but on a circle with fixed radius \4>\ = rj which is a degenerate ground 
state. At high temperatures, presence of the central hump is not essential due to large fluctuations of the scalar 
field. However, as the temperature falls down, the field tends to one of the ground states that, accordingly, leads 
to symmetry breaking. It appears that in this case an origin of the linear defects - cosmic strings - is possible. 
This process is similar to the process of occurrence of defects in condensed matter under the low-temperature phase 
transformations (Abrikosov filaments in the theory of superconductivity 0], magnetic flux tubes in superconductors, 
etc.). 

There are many works devoted to examination of topological defects in different aspects (see, e.g., [|| and references 
therein). One of the direction consists in consideration of models of cosmic strings with use of various types of scalar 
fields [y], including the models with two interacting scalar fields 0]. Another possibility consists in consideration of 
models of cosmic strings formed from classical Yang-Mills fields. For example, it is shown in Ref. [8| that such strings 
within the framework of the SU(2) theory really exist. 
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In this Letter we offer the model of cosmic string using the special form of the potential energy of scalar field: 

V(<t>, X) = ^(0 2 - ™\? + y(x 2 - rnlf + ^ - V . (2) 

Here <p,x~ two real scalar fields with masses mi, and the self-coupling constant Ai, A2 accordingly, Vq is a normal- 
ization constant. This potential was obtained in Ref. |9( at approximate modeling of a condensate of gauge field in 
the SU(3) Yang-Mills theory Unlike the potential |T]), the potential ^ has two global minimums at <j> = 0, x = ±"*2 
and two local minimums at x = 0, 4> = ±mi at values of the parameters Ai, A2 used in this paper. The conditions for 
existence of local minima are: Ai > 0, m\ > A2m 2 /2, and for global minima: A2 > 0, m 2 > Aimf/2. From comparison 
of the values of the potential in global and local minima we have (taking into account that V; oc = at Vb = A2m|/4, 
see below): V g i < Vi oc => V g i < 0, i.e. A2m| > Ximf. Besides two local and two global minima, four unstable saddle 
points exist: 




2 A1A277I2 — 2Aim 2 / AiA2m,2 — 2Aim 2 

2 AiA 2 — 4 ' X = ± \/ AjA 2 -4 ' 

As is known from the previous examinations of the given potential for the spherically symmetric case (boson 
star) [lCj, solutions with finite energy can exist only at the particular values of the parameters mi, TO2. In this sense, 
the problem is reduced to finding of eigenfunctions 0, x an d eigenvalues of the specified parameters. As it was shown 
in Ref. [Iol |. the solutions in this case tend to the local minimum. Let us note that the very similar potential was 
considered in Ref. Q 

II. EQUATIONS AND SOLUTIONS 

The specified features of behaviour of the solutions allow to hope for an opportunity of obtaining of regular solutions 
at modeling of cosmic strings with the given form of potential. For that we will use the static cylindrical metric [ll[ : 

ds 2 = c 2 e 2v dt 2 - e 2 ^~^dr 2 - e 2 ^dz 2 - r 2 e~ 2 ^d9 2 , (3) 

where t G] — 00, 00 [, r G [0, 00], z g] — 00, 00 [, 6 G [0, 2-7r[, and the functions i>, tjj, 7 depend only from r. The metric 
describes an infinite string where the source of gravitation is scalar fields (f> and x with the Lagrangian: 

L = \d^d^ + \d^x - V{<fr, X) (4) 

with the potential energy V(4>, x) from ((2|). Then the system of gravitational and field equations (in geometrical units 
c = 1,8ttG = 1) will be: 



r 
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+ - V ' -2re 2 ^Wv' = -e 2 ^V, 



i -v 1 - ij)' 



2e 2(7-V>)^ (5) 



4>" + - [1 + r(V/ +1/ - V)] 0' = e 2 ^U [2x 2 + Ai(0 2 - m 2 )] , 

X" + + rW +1/- 7')] X' = e 2 ^x W + A 2 (X 2 - m 2 )] . 

(The first equation is obtained from the following combination of the components of the Einstein equations: (g) — 
(z) + (r) + (t)> the second one - from: (g) + { z z ) + (£) — (|), and the third one - from: (f) — (JI)). 

As it was noted above, the given system has the regular solutions only at a special choice of the parameters mi, m>2. 
The procedure of finding of such solutions is described in Ref. [l(J. Its essence is reduced to the following: setting 
some boundary conditions, solutions of the system ^ are searching by a shooting method. For this purpose, initial 
values of the parameters mi,rri2 are choosing, and the behaviour of the solutions is explored. At arbitrary choice 
of mi, m2, the solutions are divergent either in +00 or in —00. Sequentially carrying out a series of iterations, it is 
possible to find such values of mi,m,2 at which the solutions are regular. Thus the problem is reduced to finding of 
the eigenvalues of the parameters mi, m,2 for the nonlinear system (J5]). 



FIG. 1: The functions cj>,x- 



FIG. 2: The functions ip, v, 7. 



As an example, the solutions for ([5|) are presented in Figs. (|1|2|) at the following boundary conditions: 



0(0) 

x(o) 
V'(o) 
Ko) 

7(0) 



V3, 



0'(O) 

x'(o) 

^(0) 
✓ (0) 



0, 
0. 
0. 
0. 



0, 
0, 

-0.2597281. 



(6) 



The value of 7(0) is chosen with the purpose of obtaining an asymptotically zero value of the function 7. As evident 
from the figure, the functions ip, v tend to the constant value asymptotically. With the purpose of obtaining an 
asymptotically cylindrical Minkowski metric, these functions can be renormalized by redefinition of the variables t, r 
and z as follows: t — > te~ Va ° , r — » re^°° , z — > ze - ^ 00 , where Voo, ipoo are asymptotical values of the functions v and ip 
accordingly. 

At the specified boundary conditions and the choice of the parameters Ai = 0.1, A2 = 1, the following values of 
the parameters have been found: mi » 2.4600781 and mi » 3.01777633. At these values (j> — > mi and x — * that 
corresponds to tending of the solution to the local minimum of the potential ([2]) . Here it turns out to be zero that 
was provided by corresponding choice of the value of Vq = (A2/4)m|. 
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FIG. 3: The energy density e(r). 
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Let us estimate the mass per unit length /i of the cosmic string. For this purpose, let us calculate the energy density: 

e(r)= l e -2(7-*)(^i + x «) + v; (7) 

which is presented in Fig. ([3]). The corresponding linear mass will be: 

M = <r)rdr = 0. 145157 m p i/l pl « 10 27 g/cm. (8) 

This value differs significantly from the typical value /x w 10 21 g/cm [l[. 

For analysis of possibility of obtaining more acceptable values of the mass, let us find asymptotic solutions for the 
system ([5]). We will seek for the solutions in the form: 

(j) = mi - 6<p, x = S X , ^ = V'oo - Sip, 7 = 5j. 

Here (5</>, S X , Sip, 8^ <C 1, and here and further subscript "oo" means asymptotic value of the variable. In this context 
we will have the following asymptotic equations (we omitted the equation for v taking into account that v — ip): 

S 1 h»-—6< r ' = 0, 
2r 

8i + 2 Sip' = 2e~ 2 ^ [\rni\54) 2 + (m 2 - 2m 2 ) S X 2 ] , 

6d>" + -6<f>' = 2e- 2 ^X im \5(P, (9) 
r 

S X " + \s X ' = e^(2m 2 1 ~X 2 m 2 2 )8 X . 

with asymptotical solutions: 

exp ^— e - ^ 00 yj2\im\ r^j 



(10) 



expf— e ^°°-\/2m 2 — A2TO2 r ) 
<5x « Xoo - r S (11) 

1 2 ex P (-2e-^v/2Aim 2 r) 1 a / m 2 _ 2m 2 \ exp (-2 e -^ V 2m i = ^m 2 rj 
^ ~ 8 r + 4 Xo ° (,2m?-A 2 miJ r ' (12) 

5 7 « ~ ^e"^»y / 2A 1 m 2 exp ^-2 e -*-^2A 1 m? r) - 

m? — 2m 
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XL A 2 2 e^°° exp -2e"*- J2m? - A 2 m 2 r . (13) 
x/2mf - A 2 m 2 : \ v / 

In our case, we can neglect the second terms in the right side of Eqs. (|12[ 1 1 3j) in comparison with the first ones. 
Therefore we will have the following expressions for dip and £7: 

1 exp (-2e-^°° x/2Aim 2 

^ « « ^ S (14) 

8 r 

5 7 ra -i <t>l e-1'°°J2\ 1 mlexp \ -2e-^™ J2\ x m\ r J . (15) 



For reducing of the linear mass density, it is necessary to increase the diameter of the string. As one can see from 
the solutions, for this purpose one should decrease the parameters Ai,mi keeping the relation mf > \im\f2. By 
varying of the parameters, one can reduce the value of the mass slightly. But, as it follows from calculations, the 
solution is very sensitive to eigenvalues of the parameters mi,m 2 . Measure of inaccuracy of the numerical method 
(Runge-Kutta) inhibits performing calculations for mi,m2 with sufficient accuracy. Apparently, these calculations 
could be done using another numerical methods for solution of differential equations. So the question about obtaining 
necessary value of the linear mass density demands further calculations. 
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Summarizing, we have presented the model of cosmic string created by two interacting scalar fields. The obtained 
regular solution exists in a case when the scalar fields tend to the local minimum at infinity. It is possible that these 
fields describe a non-perturbative quantized SU(3) gauge field Q. In this sense, our solution could be considered as 
a quantum analog of the string from Ref. Q . 

We understand that the obtained solution is not a cosmic string in usual sense, since it tends to false vacuum 
asymptotically at V — Vi oc - As regards the possibility of existence of solutions with true vacuum at V = V g i, then our 
numerical calculations show absence of such solutions. At least for the case without gravitation, there is the Derrick's 
theorem [l2| that forbids existence of static solutions for scalar fields with finite energy for spaces with dimensionality 
D > 2. 

The authors would like to thank the referee who suggested several proposals improving the paper. 
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